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P (x)

P  (x) =θ  .
Z  θ

e
f  (x)θ

Z  =θ e dx∫ f  (x)θ

Z  θ
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G(z; θ  )g z ∼ P (z) x

D(x; θ  )d x

x

 E  [logD(x)] +
G

min
D

max x∼P  data E  [log(1 −z∼P (z) D(G(z)))].
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 E  [logD(x)] +
θ  d

arg max x∼P  data E  [log(1 −z∼P (z) D(G(z)))]

 E  [log(1 −
θ  g

arg min z∼P (z) D(G(z)))].
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log(1 − D(G(z)))

 E  [− logD(G(z))]
θ  g

arg min z∼P (z)
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(x, y)
y

y

G(z, y)

y

D(x, y)
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  x ⋅
x

min
y

max y.

x y α

 =[x  n+1

y  n+1
]    .[1

α

−α
1

] [x  n

y  n

]
 >1 + α2 1

  =[1
α

−α
1 ]  ⋅1 + α2

  ,[cosφ
sinφ

− sinφ
cosφ ]
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x ,x , … ,x(1) (2) (N)

p  data

p  data

p  0

N (0, I) p  data

p  0

N
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p : [0, 1] × R →d R  >0

p  (x) dx =∫ t 1
p  0 p  =1 p  data

u : [0, 1] × R →d Rd
φ : [0, 1] × R →d Rd

 φ  (x) =
dt

d
t u  (φ  (x)),    φ  (x) =t t 0 x.
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 φ  (x) =
dt

d
t u  (φ  (x)),    φ  (x) =t t 0 x

u  t x t

h  =t+1 h  +t f(h  ; θ  ),t t

h  −t+1 h  =t f(h  ; θ  ),t t

N



∂/∂x(Vx) > 0
∂/∂y(Vy) > 0
∇·(V) > 0

∂/∂x(Vx) < 0
∂/∂y(Vy) < 0
∇·(V) < 0

u  t p  t

 p  (x) =
dt

d
t − div (p  (x)u  (x)),t t

div(z) =def
  ∑
i ∂x  i

∂z  i

p  (x)u  (x)t t
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p  0 N (0, I) x(i)

p  =1 p  data p  t

u  t p  t

L  (θ)FM =def E  ∥v  (x; θ) −t,p  (x)t t u  (x)∥ .t
2

p  t u  t

p  t

p  t u  t
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v  (x; θ)t u (x)t

v  t

L  (θ)FM =
def E  ∥v  (x; θ) −t,p  (x)t t u  (x)∥ ,t

2

v  t

x  ∼0 p  0

T

x  ←k+1/T x  +k  v  (x  ; θ).
T

1
t k
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p  =1 p  data

p  (x∣x  )t 1

p  (x∣x  ) =0 t p  (x)0

p  (x∣x  )1 1 x  1

σ  >min
2 0

p  (x∣x  ) =1 1 N (x∣x  ,σ  I).1 min
2

p  (x)t =def E  [p  (x∣x  )] =x  ∼p  1 data t 1 p  (x∣x  )p  (x  ) dx  .∫ t 1 data 1 1

x  1

p  (x) ≈1 p  data
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u  (x∣x  )t 1

u  (x)t =def E  [u  (x∣x  )  ] =x  ∼p  1 data t 1
p  (x)t

p  (x∣x  )t 1
u  (x∣x  )  dx  .∫ t 1

p  (x)t

p  (x∣x  )p  (x)t 1 data
1
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p  t u  t

= p  (x)
dt

d
t E  [  p  (x∣x  )]x  ∼p  1 data dt

d
t 1

= E  [ −x  ∼p  1 data div (u  (x∣x  )p  (x∣x  ))]t t t 1

= − div (E  [u  (x∣x  )p  (x∣x  )])x  ∼p  1 data t t t 1

= − div (  p  (x))
definition of u  (x)t

 E  [u  (x∣x  )p  (x∣x  )/p  (x)]x  ∼p  1 data t t t 1 t t

= − div (u  (x)p  (x)).t t
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L  (θ)CFM =def E  ∥v  (x; θ) −t,x  ∼p  ,x∼p  (x∣x  )1 data t 1 t u  (x∣x  )∥ .t 1
2

p  t u  t

L  CFM
L  FM θ

N



θ L  FM L  CFM
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μ  (x  )t 1 σ  (x  )
t
2

1

p  (x∣x  )t 1 =def
N(x∣μ  (x  ),σ  (x  )I).t 1 t

2
1

μ  (x  ) =0 1 0 σ  (x  ) =0
2

1 1 p  (x∣x  ) =0 1 p  (x)0

μ  (x  ) =t 1 x  1 σ  (x  ) =1
2

1 σ  min
2

p  (x∣x  )1 1 x  1

x  1

φ  (x) =t σ  (x  )x+t 1 μ  (x  ),t 1

μ  (x  )t 1 σ  (x  )
t

2
1

N



u  (x∣x  )t 1

φ  (x) =t σ  (x  )x+t 1 μ  (x  ).t 1

 φ  (x) =
dt

d
t u  (φ  (x))t t u  t

φ  (x)t x

φ  t σ  (x  ) >t 1 0

φ  (z) =
t

−1
 .

σ  (x  )t 1

z − μ  (x  )t 1

z = φ  (x)t u  (z∣x  ) =t 1 φ  (φ  (z))
t
′

t

−1

φ  (x∣x  ) =
t

′
1 σ  (x  )x+

t

′
1 μ  (x  )

t

′
1

u  (z∣x  ) =t 1  (z −
σ  (x  )t 1

σ  (x  )
t

′
1

μ  (x  ))+t 1 μ  (x  ).
t

′
1

N
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t

μ  (x  )t 1 =def
tx  ,   σ  (x  )1 t 1 =def 1 − (1 − σ  )t.min

 

φ  (x) = (1 − (1 − σ  )t)x+ tx  ,     such a f low is called Optimal Transportt min 1

u  (x∣x  ) =  (x− tx  )+ x  =  .t 1 1 − (1 − σ  )tmin

1 − σ  min
1 1 1 − (1 − σ  )tmin

x  − (1 − σ  )x1 min

L  (θ)CFM =
def E  ∥v  (x; θ) −t,x  ∼p  ,x∼p  (x∣x  )1 data t 1 t u  (x∣x  )∥t 1

2

L  (θ)CFM =def E   v  (φ  (x  ); θ)−t,x  ∼p  ,x  ∼p  1 data 0 0 t t 0 (x  −1 (1 − σ  )x  )  .min 0
2
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v  (x; θ)t

L  (θ)CFM =
def E   v  (φ  (x  ); θ)−t,x  ∼p  ,x  ∼p  1 data 0 0 t t 0 (x  −1 (1 − σ  )x  )  .min 0

2

X ∼ p  data

t ∼ U [0, 1] x  ∼0 N (0, I)

∥v  (φ  (x  ); θ)−t t 0 (x  −1 (1 − σ  )x  )  .min 0
2

x  ∼0 p  0

T

x  ←k+1/T x  +k  v  (x  ; θ).
T

1
t k

N
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https://mlg.eng.cam.ac.uk/blog/2024/01/20/flow-matching.html#fn:mini-batch-ot-deterministic-vs-stochastic
https://dl.heeere.com/conditional-flow-matching/blog/conditional-flow-matching/
https://diffusionflow.github.io/
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v  (x, y; θ)t y

v  (x,∅; θ)t

w w = 5 w = 7.5

v  (x,∅; θ) +t w(v  (x, y; θ) −t v  (x  ,∅; θ)).t t

N
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x  0 q(x) T

q(x ∣x ) =1:T 0  q(x  ∣x  ).∏
t=1

T

t t−1

q(x  ∣x  )t t−1

x  ∼T N (0, I)
p  (x  ∣x  )θ t−1 t q(x  ∣x  )t t−1

p  (x  ) =θ 0:T p(x  )  p  (x  ∣x  ).T ∏
t=1

T

θ t−1 t

N



p  (x  ∣x  )θ t−1 t

t

θ p  (x  ∣x  )θ t−1 t

q(x  ∣x  )t t−1

x  ∼T N (0, I)
T x  ∼t−1 p  (x  ∣x  )θ t−1 t

t T

N



μ σ
2

N (x;μ,σ ) =2
 exp −   

2πσ2

1 (
2σ2

(x− μ)2 )
D x

N (x;μ,Σ) =def
 exp −  (x− μ) Σ (x− μ) .
 (2π) ∣Σ∣D

1 (
2
1

T −1 )
Σ

D × D

Σ = σ I2

N (x;μ,σ I) =2
 N (x  ;μ  ,σ ).∏
i

i i
2

N



x ∼ N (μ,σ I)2

x = μ+ σe,   where  e ∼ N (0, I).

x  ∼1 N (μ  ,σ  I)1 1
2

x  ∼2 N (μ  ,σ  I)2 2
2 N(μ  +1 μ  , (σ  +2 1

2
σ  )I)2

2

e  , e  ∼1 2 N (0, I)

σ  e  +1 1 σ  e  =2 2  eσ  + σ  1
2

2
2

e ∼ N (0, I)

N



x  0 q(x) T

β  , … , β  1 T

=q(x  ∣x  )1:T 0  q(x  ∣x  ),
t=1

∏
T

t t−1

=q(x  ∣x  )t t−1 N (x  ;  x  , β  I),t 1 − β  t t−1 t

=  x  +1 − βt t−1  e  for  e ∼β  t N (0, I).

x  0

N



α  =t 1 − β  t  =ᾱt  α  ∏
i=1
t

i

=x  t  x  +α  t t−1  e  1 − α  t t

=  (  x  +α  t α  t−1 t−2  e  )+1 − α  t−1 t−1  e  1 − α  t t

=  x  +α  α  t t−1 t−2   α  (1 − α  ) + (1 − α  )t t−1 t ēt−1

=  x  +α  α  t t−1 t−2   1 − α  α  t t−1 ēt−1

=  x  +α  α  α  t t−1 t−2 t−3   1 − α  α  α  t t−1 t−2 ēt−2

= …

=  x  + ᾱt 0   1 −  ᾱt ē0

e  i  ēi
q(x  ∣x  ) =t 0 N(  x  , (1 − ᾱt 0  )I)ᾱt

 →ᾱt 0 t → ∞ x  t N (0, I) t → ∞

N



N



β  =1 0.0001, … , β  =T 0.04

 ᾱt

 =ᾱt  ( cos(t/T ⋅
2
1

π) + 1).

α  t [ε, 1 − ε]

N



x  0

q(x  ∣x  ) =t 0  x  +ᾱt 0  e1 −  ᾱt

 ᾱt  1 −  ᾱt

 +ᾱt
2

 =1 −  ᾱt
2

1

  

  ᾱt

 1 −  ᾱt

= cos(t/T ⋅ π/2),

= sin(t/T ⋅ π/2),

N



p  (x  ∣x  )θ t−1 t

q(x  ∣x  )t t−1

β  t p  θ

p  (x  ∣x  ) =θ t−1 t N(x  ;μ  (x  , t),σ  I)t−1 θ t t

2

σ  , … ,σ  1 T

p  (x  ) =θ 0:T p(x  )  p  (x  ∣x  ).T ∏
t=1

T

θ t−1 t

N



q(x  ∣x  )t t−1

x  0

=q(x  ∣x  ,x  )t−1 t 0 N(x  ;   (x  ,x  ),   I),t−1 μ
~
t t 0 β

~
t

=  (x  ,x  )μ~t t 0  x  +
1 −  ᾱt

 β   ᾱt−1 t

0  x  ,
1 −  ᾱt

 (1 −  )α  t ᾱt−1
t

=  β
~
t  β  .

1 −  ᾱt

1 −  ᾱt−1
t

N



=q(x  ∣x  ,x  )t−1 t 0 q(x  ∣x  ,x  )  t t−1 0
q(x  ∣x  )t 0

q(x  ∣x  )t−1 0

∝ exp( −  (  +
2
1

β  t

(x  −  x  )t α  t t−1
2

 −
1 −  ᾱt−1

(x  −  x  )t−1  ᾱt−1 0
2

 ))
1 −  ᾱt

(x  −  x  )t  ᾱt 0
2

= exp( −  (  +
2
1

β  t

x  −2  x  x  +α  x  

t

2
α  t t t−1 t t−1

2

 +1−  ᾱt−1

x  −2  x  x  +  x  

t−1
2

 ᾱt−1 t−1 0 ᾱt−1 0
2

…))
= exp( −  ((  +

2
1

β  t

α  t
 )x  −1−  ᾱt−1

1
t−1
2 2(  x  +

β  t

 αt
t  x  )x  +1−  ᾱt−1

  ᾱt−1
0 t−1 …))

q(x  ∣x  ,x  ) =t−1 t 0 N(x  ;   (x  ,x  ),   I)t−1 μ
~
t t 0 β

~
t

=  β
~
t 1/(  +

β  t

α  t
 ) =1−  ᾱt−1

1 1/(  ) =
β  (1−  )t ᾱt−1

α  (1−  )+β  t ᾱt−1 t 1/(  ) =
β  (1−  )t ᾱt−1

α  +β  −  t t ᾱt
 β  ,

1 −  ᾱt

1 −  ᾱt−1
t

=  (x  ,x  )μ~t t 0 (  x  +
β  t

 α  t

t  x  )  β  =1−  ᾱt−1

  ᾱt−1
0 1−  ᾱt

1−  ᾱt−1
t  x  +

1 −  ᾱt

 β   ᾱt−1 t

0  x  .
1 −  ᾱt

 (1 −  )α  t ᾱt−1
t

N



L  =t E[  (x ,x  ) −
2∥σ I∥t

2

1
μ~
t t 0 μ  (x  , t)  ].θ t

2

ε  (x  , t)θ t μ  (x  , t)θ t

L  =t E[   e  −
2α  (1 −  )∥σ  I∥t ᾱt t

2

(1 − α )t 2

t ε  (  x  +θ  ᾱt 0  e  , t)  ].1 −  ᾱt t

2

L  =
t

simple E  [  e  −t∈{1..T },x  ,e  0 t t ε  (  x  +θ  ᾱt 0  e  , t)  ].1 −  ᾱt t

2

ε  θ  t
t

N



t [0, 1]
T = 1000

σ  

t
2

β  t   β
~
t

σ  

t
2

N



N



N



N

https://arxiv.org/abs/2112.10752
https://arxiv.org/abs/2307.01952
https://arxiv.org/abs/2403.03206
https://arxiv.org/pdf/2403.12015
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−E  [ log p  (x  )] =q(x  )0 θ 0 −E  [ logE  [p  (x  ∣x  )]]q(x  )0 p  (x  )θ 1:T θ 0 1:T

= −E  [ logE  [  ]]q(x  )0 q(x  ∣x  )1:T 0 q(x  ∣x  )1:T 0

p  (x  )θ 0:T

≤ −E  [ log  ] =q(x  )0:T q(x  ∣x  )1:T 0

p  (x  )θ 0:T E  [ log  ]q(x  )0:T p  (x  )θ 0:T

q(x  ∣x  )1:T 0

= E  [ −q(x  )0:T log p  (x  ) +θ T  log  +∑
t=2

T

p  (x  ∣x  )θ t−1 t

q(x  ∣x  )t t−1 log  ]
p  (x  ∣x  )θ 0 1

q(x  ∣x  )1 0

= E  [ −q(x  )0:T log p  (x  ) +θ T  log(   ) +∑
t=2

T

p  (x  ∣x  )θ t−1 t

q(x  ∣x  ,x  )t−1 t 0

q(x  ∣x  )t−1 0

q(x  ∣x  )t 0 log  ]
p  (x  ∣x  )θ 0 1

q(x  ∣x  )1 0

= E  [ −q(x  )0:T log p  (x  ) +θ T  log  +∑
t=2

T

p  (x  ∣x  )θ t−1 t

q(x  ∣x  ,x  )t−1 t 0 log  +
q(x  ∣x  )1 0

q(x  ∣x  )T 0 log  ]
p  (x  ∣x  )θ 0 1

q(x  ∣x  )1 0

= E  [ log  +q(x  )0:T p  (x  )θ T

q(x  ∣x  )T 0
 log  −∑

t=2

T

p  (x  ∣x  )θ t−1 t

q(x  ∣x  ,x  )t−1 t 0 log p  (x  ∣x  )]θ 0 1

= E  [  +q(x  )0:T

L  T

 D  (q(x  ∣x  )∥p  (x  ))KL T 0 θ T    ]∑
t=2

T

L  t

 D  (q(x  ∣x  , x  )∥p  (x  ∣x  )KL t−1 t 0 θ t−1 t

L  0

 − log p  (x  ∣x  )θ 0 1

N



L  =T D  (q(x  ∣x  )∥p  (x  ))KL T 0 θ T θ

L  =t D  (q(x  ∣x  ,x  )∥p  (x  ∣x  ))KL t−1 t 0 θ t−1 t

L  =t E[  (x ,x  ) −
2∥σ I∥t

2

1
μ~
t t 0 μ  (x  , t)  ],θ t

2

L  =0 − log p  (x  ∣x  )θ 0 1 x  0 x  1

N



q(x  ∣x  ,x  ) =t−1 t 0 N(x  ;   (x  ,x  ),   I)t−1 μ
~
t t 0 β

~
t

=  (x  ,x  )μ~
t t 0  x  +

1 −  ᾱt

 β   ᾱt−1 t

0  x  ,
1 −  ᾱt

 (1 −  )α  t ᾱt−1
t

=  β
~
t  β  .

1 −  ᾱt

1 −  ᾱt−1
t

x  =t  x  + ᾱt 0  e  1 − ᾱt t x  =0  (x  −
  ᾱt

1
t  e  )1 −  ᾱt t

x  0   μ~
t

=  (x  ,x  )μ~
t t 0   (x  −

1 −  ᾱt

 β   ᾱt−1 t

 ᾱt

1
t  e  ) +1 −  ᾱt t  x  

1 −  ᾱt

 (1 −  )α  t ᾱt−1
t

= (   +
1 −  ᾱt

 β   ᾱt−1 t

 ᾱt

1
 )x  −

1 −  ᾱt

 (1 −  )α  t ᾱt−1
t (   )e  

1 −  ᾱt

 β   ᾱt−1 t

  ᾱt

 1 −  ᾱt
t

=  x  −
(1 −  )  ᾱt α  t

β  + α  (1 −  )t t ᾱt−1
t (  )e  =

  1 −  ᾱt α  t

β  t

t  (x  −
 α  t

1
t e  ).

1 −  ᾱt

1 − α  t

t

N



ε  (x  , t)θ t μ  (x  , t)θ t L  t

=L  t E[     (x  ,x  ) −
2∥σ  I∥t

2

1
μ~
t t 0 μ  (x  , t)  ]θ t

2

= E[    (x  −
2∥σ  I∥t

2

1
 α  t

1
t  e  ) −

 1 −  ᾱt

1 − α  t

t  (x  −
 α  t

1
t  ε  (x  , t))  ]

 1 −  ᾱt

1 − α  t

θ t

2

= E[   e  −
2α  (1 −  )∥σ  I∥t ᾱt t

2

(1 − α  )t 2

t ε  (x  , t)  ]θ t

2

= E[   e  −
2α  (1 −  )∥σ  I∥t ᾱt t

2

(1 − α  )t 2

t ε  (  x  +θ  ᾱt 0  e  , t)  ].1 −  ᾱt t

2

L  =
t

simple E  [  e  −t∈{1..T },x  ,e  0 t t ε  (  x  +θ  ᾱt 0  e  , t)  ].1 −  ᾱt t

2

ε  θ  t
t

N



N



q(x  ∣x  ) =t 0 N(  x  , (1 − ᾱt 0  )I)ᾱt

N



q  (x  ∣x  ) =0 1:T 0 q  (x  ∣x  )  q  (x  ∣x  ,x  ),0 T 0 ∏
t=2

T

0 t−1 t 0

q  (x  ∣x  ) =0 T 0 N(  x  , (1 − ᾱT 0  )I)ᾱT

q  (x  ∣x  ,x  ) =0 t−1 t 0 N(  x  + ᾱt−1 0  (  ), 0 ⋅1 −  ᾱt−1
 1−  ᾱt
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 x  + ᾱt−1 0  e  1 −  ᾱt−1 t
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x   estimate0

  

  ᾱt  
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