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* Define prediction function of a linear regression model and write down Lz-regularized
mean squared error loss. [5]
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‘ « Starting from unregularized sum of squares error of a linear regression model, show

how the explicit solution can be obtained, assuming X"Xis regular. [10]
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« Define expectation [E[ f ()] and variance Var( f(x)) of a discrete random variable.
Then define the bias of an estimator and show that estimating an expectation using a
single sample is unbiased. [5]
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| ?_.- Describe standard gradient descent and compare it to stochastic (i.e., online) gradient
descent and minibatch stochastic gradient descent. [5]
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' z Formulate conditions on the sequence of learning rates used in SGD to converge to

optimum almost surely. [5]
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‘ + Write an Lz-regularized minibatch SGD algorithm for training a linear regression model,
Z including the explicit formulas of the loss function and its gradient. [5]

Input: Dataset (X € RY*P ¢ ¢ RN), learning rate & € R*, L? strength A € R.

Output: Weights w € R hopefully minimizing the regularized MSE of a linear regression
model.

® w < 0 or we initialize w randomly
® repeat until convergence (or until our patience runs out):
© sample a minibatch of examples with indices b
® ejther uniformly randomly,

® or we may want to process all training instances before repeating them, which can

be implemented by generating a random permutation and then splitting it into
minibatch-sized chunks

® the most common option; one pass through the data is called an epoch
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5- Define binary classification, write down the perceptron algorithm and show how a
prediction is made for a given example. [5]
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‘ * Show that the perceptron algorithm is an instance of stochastic gradient descent. Why
< are the learning rates not needed (i.e., why are the predictions of a trained model the

same for all positive learning rates)? [5]
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(N For discrete random variables, define entropy, cross-entropy, Kullback-Leibler
divergence, and prove the Gibbs inequality (i.e., that KL divergence is non-negative). [5]
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' & Define data-generating distribution, empirical data distribution and likelihood. [5]
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' 3 Describe maximum likelihood estimation, as minimizing NLL, cross-entropy and KL
divergence. [10]
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' 2; Considering binary logistic regression model, write down its parameters (including their

size) and explain how prediction is performed (including the formula for the sigmoid
function). Describe how we can interpret the outputs of the linear part of the model as
logits. [5]
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I * Write down an Lg-regularized minibatch SGD algorithm for training a binary logistic
regression model, including the explicit formulas of the loss function and its gradient.

[10]

Input: Input dataset (X € RV*P ¢ c {0, +1}¥), learning rate a € R

e w<+ 0

® until convergence (or patience runs out), process a minibatch of examples with indices b:
0 g< ]%[ Ez‘eb Vw — log (P(Ct,- |ﬂ3i§'w))
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» Define mean squared error and show how it can be derived using MLE. [5]
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rConsidering K -class logistic regression model, write down its parameters (including

A their size) and explain how prediction is performed (including the formula for the
softmax function). Describe how we can interpret the outputs of the linear part of the
model as logits. [5]
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' « Write down an L?-regularized minibatch SGD algorithm for training a K -class logistic

b\ regression model, including the explicit formulas of the loss function and its gradient.
[10]

Input: Input dataset (X € R¥N*P ¢t € {0,1,...,K — 1}), learning rate a € R

Model: Let w denote all parameters of the model (in our case, the parameters are a weight
matrix W and maybe a bias vector b).

® w < 0 or we initialize w randomly
® until convergence (or patience runs out), process a minibatch of examples with indices b:
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"{o Prove why are decision regions of a multiclass logistic regression convex. [5]
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IL:\ Considering a single-layer MLP with D input neurons, H hidden neurons, K output
neurons, hidden activation f and output activation a, list its parameters (including their
size) and write down how the output is computed. [5]
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» List the definitions of frequently used MLP output layer activations (the ones producing
u parameters of a Bernoulli distribution and a categorical distribution). Then write down

three commonly used hidden layer activations (sigmoid, tanh, ReLU). [5]
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I » Considering a single-layer MLP with D input neurons, a ReLU hidden layer with H units
'-\ and a softmax output layer with K units, write down the formulas of the gradient of all
the MLP parameters (two weight matrices and two bias vectors), assuming input &,
target £ and negative log likelihood loss. [10]
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mrmulate the Universal approximation theorem. [5]
'\
L(,,\. (P(x) " ROR be nowvonsy oY, \oownM‘ viondecveqs .
tonhAnuwous  Eumchon.
Tov Gy €350 omd amuy conh NUO WS &—Uw\o\Jov\ A $ [o,&'?-ﬂk

thae exisds WEMN, e f\)l“ be Y\)I‘. werz"’“‘ -4,

TOo = 4T Y(xTWe)) = .“z,&(uﬂwh& W)
Wheve € is applie A emenduwnrse . thon ¥ xe Eolﬂb"

Wiy - fw\ce

« How do we search for a minimum of a function f(&) : RP — R subject to equality
constraints g; () = 0,..., g, () = 0?[9]
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m\fe which categorical distribution with NV classes has maximum entropy. [3]
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« Consider derivation of softmax using maximum entropy principle, assuming we have a
I & dataset of N examples (z;,t;), z; € RP,t; € {1,2,..., K}. Formulate the three

conditions we impose on the searched 7 : RP — RE , and write down the Lagrangian

to be maximized. [10]
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| » Define precision (including true positives and others), recall, F; score, and F5 score
S (we stated several formulations for F} and F, scores; any one of them will do). [5]
Target positive Target negative
Prefil-cted True Positive (TP) | False Positive (FP)
positive |
Predi
red:?ted False Negative (FN) True Negative (TN)
negative
TR+ TN
ACCWNBEY = TPATN AFP+EN
Precsion = cll = =
TPAEP e TP+ FN
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F — '5\'0;\‘4 Yecol !
AP TPAFP+TP+ FN
2 2
F A+ P TP + /5 -TP -
® precosson’ + A% vecadd” TP+ FP+ /8 (Tp+ FA)

e gcwoun'w% veco® | . favowng precision

'_{- Explain the difference between micro-averaged and macro-averaged F scores. [5]
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' o Describe k-nearest neighbors prediction, both for regression and classification. Define
s L, norm and describe uniform, inverse, and softmax weighting. [5]
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o

« Define a kernel based on a feature map ¢ : R
for (1) a polynomial kernel of degree d, (2) a polynomial kernel of degree at most d, (3)
an RBF kernel. [5]
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« Define a kernel and write down the mini-batch SGD training algorithm of dual
formulation of kernel linear regression (including the update for the bias). Then
describe how are predictions for unseen data made. [10]

Input: Dataset (X = {1, @®s,..., 2y} € RV*P t € RY), learning rate o € RT.
® set B; « 0 Weywvel
"
* compute all values K; ; = p(z;)" ¢(=x;)
® until convergence (or patience runs out), process a minibatch of examples with indices b:
© simultaneously for all @ € b (the 3; on the right side must not be modified during the
batch update):
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» Derive the primary formulation of hard-margin SVM (the value to minimize, the
(D constraints to fulfill) as a maximum-margin classifier (i.e., start by margin
maximization). [5]
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« How do we search for a minimum of a function f(z) : R” — IR subject to an
Q) inequality constraint g(&) > 0? Formulate both the variant with KKT conditions and
the variant with the A maximization, and prove that they are equivalent. [10]
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« Starting from primary hard-margin SVM formulation, derive the dual formulation (the
c:; Lagrangian L in the form used for training, the required conditions, the KKT conditions
of the solution, and how is the prediction performed). [10]
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' « Considering hard-margin SVM, define what is a support vector, and how are predictions
(o performed for unseen data. [5]
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» Write down the primary formulation of soft-margin SVM using the slack variables (the
value to minimize, the constraints to fulfill). [5]
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« Starting from primary soft-margin SVM formulation, derive the dual formulation (the
Lagrangian L in the form used for training, the required conditions, the KKT conditions
of the solution, and how is prediction performed). [10]
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I 2+ Write down the primary formulation of soft-margin SVM using the hinge loss. [5]
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« Describe the high-level overview of the SMO algorithm (the test whether the KKT
conditions hold, how do we select the a; and a; to update, what is the goal of updating
the a; and a, how do we detect convergence; but without the update of a;, a;, b
themselves). [5]



Input: Dataset (X € RV*P ¢t € {—1,1}Y), kernel K, regularization parameter C
tolerance tol, maz_passes_without_as_changing value

® |Initialize a; < 0, b < 0, passes < 0
® while passes < maz_passes_without_as_changing (or we run out of patience):
© changed_as < 0
ofortinl,2,...,N:
mF o y(;z:f_) — t;
m jf @@_< C — tol and t; E; < —tol) or (a; > tol and t; E; > tol): ,
® choose j # % randomly 'd'n
® try updating a;, a; to maximize £(a1, az,...,an) such that 0 < a; < C
and Z:‘ ait; = 0; if successful, set b fo fulfill the KKT conditions and set
changed_as <+ changed_as + 1

© passes < 0 if changed_as else passes + 1
G SMO= oovduinaRA detcemy

» Describe the part of the SMO algorithm which updates a; and a; to maximize the
_‘]- Lagrangian. If you explain how the update is derived (so that if | followed the

instructions, | would come up with the update rules), you do not need to write explicit
formulas. [10]
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» Describe the part of the SMO algorithm which updates b to maximize the Lagrangian. If
you explain how the update is derived (so that if | followed the instructions, | would

come up with two b candidates and a rule to utilize them), you do not need to write
explicit formulas. [10]

To arrive at the bias update, we consider the KKT condition that for 0 < aj*V < C, it must
hold that 1 = ¢;y(x;) = t; [ (>, af*"t, K (2, @;)) + b"™|. Combining it with the fact that
(Z:E at, K (xj,@;)) + b= E; + t;, we obtain

i = b— Ej — ti(af*™ — a:) K (e, ;) — t;(af™ — a;) K (), ;).

Analogously for 0 < aj*V < C we get

bV =b— E; — t;(a]* — a;)K (2, ;) — tj(a?ew —a;)K(z;,=;).

Finally, if a;°", a}*V € {0,C}, we know that all values between b;°" and b}°™ fulfill the KKT

conditions. We therefore arrive at the following update for bias:
brew if 0 <a®™ <€,
= b?ew if 0 < a;™ < &
(bfY + b3V) /2 otherwise.

bnew

‘ » Describe the one-versus-one and one-versus-rest schemes of constructing a K-class
?— classifier by combining multiple binary classifiers. [5]
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« Explain how is the TF-IDF weight of a given document-term pair computed. [5]
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Deﬂne conditional entropy, mutual information, write down the relation between them,
8 and finally prove that mutual information is zero if and only if the two random variables
are independent (you do not need to prove statements about D). [5]
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.&- Show that TF-IDF terms can be considered portions of suitable mutual information. [5]
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i e Show that L2-regularization can be obtained from a suitable prior by Bayesian
inference (from the MAP estimate). [5]

Hoe

Frequently, the mean is assumed to be zero, and the variance is assumed to be 0. Given that
we have no further information, we employ the maximum entropy principle, which provides us

with p(w;) = N (wi;0,02), so that p(w) = [[7, N'(w;;0,02) = N(w;0,02I). Then

ﬂn\p N m;obmouc ?(rw\ X) = &v%m&x Vv (X\/W'\ ?(f\o-\

WMAP = arg;}na.xp(Xiw)p(w)
— argmax [ plajw)p(w)

= arg min Zil ( — log p(z;|w) — Iogp('w))-

By substituting the probability of the Gaussian prior, we get

: 4 D wl?
Waap = AIg A Zizl ( - logp(:c?;|w)— > log(2mo”) + ”20! )}

w

which is in fact the L?-regularization.

| * Write down how p(Cg.\x) is approximated in a Naive Bayes classifier, explicitly state
8 the Naive Bayes assumption, and show how is the prediction performed. [5]
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« Considering a Gaussian naive Bayes, describe how are p(z;|C}.) modeled (what
8 distribution and which parameters does it have) and how we estimate it during fitting.
[5]
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« Considering a Multinomial naive Bayes, describe how are p(&|C'.) modeled (what
8 distribution and which parameters does it have) and how we estimate it during fitting.
(5]
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As in the previous cases, we turn to the maximum likelihood estimation in order to find out the
values of pq . We start with the log-likelihood

221 log (H pﬁf:) = Zi, , Zia1og pa -

To maximize this quantity with respect to a probability distribution Ed Pdaxr = 1, we need to
form a Lagrangian

L= Zi,d i, log par + )\(1 = ded,k)-

Setting the derivative with respect to pg, to zero results in 0 = » . ™% I% — A, so

=5 o Xich i here A is set to fulfill 3 1
Pdk = 1 N 7 D , where A 1s set to rulil Pdr — 1.
A =1 ij] Ed’_ 1 Li,d d

Denoting m4 as the sum of features x4 for a class C}, the probabilities pg ;. could be
therefore estimated as
Nd, k

ZdL:: 1 Nk |

However, for the same reasons as in the Bernoulli NB case, we also use the Laplace smoothing,
i.e., utilize a Dirichlet prior Dir(a + 1), and instead use

Pdr =

Nk + & Ndr + O
Zg:l (nd’,k + a) (Zd’ 1 nd’ ) + O!D

Pdk —

with pseudo-count a@ > 0.

« Considering a Bernoulli naive Bayes, describe how are p(x;|C} ) modeled (what
B distribution and which parameters does it have) and how we estimate it during fitting.

[5]
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needed for predickion:
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To estimate the probabilities pg ., we turn again to the maximum likelihood estimation. The
log-likelihood of NN}, samples drawn from Bernoulli distribution with parameter pg; is

N . 2o N,
21':1 log (pﬁ’f(l _ Pd,k)l_x"") — Ziil (a:i,d logpar + (1 — z; ¢) log(1 — pd,k)).

Setting the derivative with respect to pqj to zero, we obtain

Ne (xid 1—x4 1 Ni
0= Zi:l ( — ' ) = ) Zi:l ((1 — pdk)Tid — par(l — -'b"i,d));

pir  l1—pax/) Par(l — pak

aics 1 Ny
giving us Pak = 7~ 2 i Tid
We could therefore estimate the probabilities pg s as

number of documents of class k with nonzero feature d

Pdk = number of documents of class k

However, if a feature d is always set to one (or zero) for a given class k, then pgi = 1 (or 0).

That is impractical because the resulting classifier would give probability zero to inputs with the
opposite value of such a feature.

Therefore, Laplace or additive smoothing is used, and the probability p, . estimated as

number of documents of class k with nonzero feature d + «

Pdr = number of documents of class k£ + 2a

for some pseudo-count a > 0.

Note that even if this technique has a special name, it corresponds to using a maximum a
posteriori estimate, using Beta(a + 1, a + 1) as a prior distribution.

» Describe the difference between a generative and a discriminative model, the strengths
of these models, and explain why is logistic regression and multinomial/Bernoulli naive
Bayes called a generative-discriminative pair. [5]
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» Prove that independent discrete random variables are uncorrelated. [5]
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i
‘ » Write down the definition of covariance and Pearson correlation coefficient p, including

its range. [5]
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* Explain how are the Spearman’s rank correlation coefficient and the Kendall rank
correlation coefficient computed (ho need to describe the Pearson correlation
coefficient). [5]
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» Considering an averaging ensemble of M models, prove the relation between the
q average mean squared error of the ensemble and the average error of the individual
models, assuming the model errors have zero means and are uncorrelated. [10]
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‘ * In aregression decision tree, state what values are kept in internal nodes, define the

squared error criterion and describe how is a leaf split during training (without
discussing splitting constraints). [5]
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» Ina K-class classification decision tree, state what values are kept in internal nodes,
define the Gini index and describe how is a node split during training (without
discussing splitting constraints). [5]
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i » Ina K-class classification decision tree, state what values are kept in internal nodes,
define the entropy criterion and describe how is a node split during training (without
discussing splitting constraints). [5]
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‘q- For binary classification, derive the Gini index from a squared error loss. [10]

Recall that I+ denotes the set of training example indices belonging to a leaf node T, let

n7(0) be the number of examples with target value 0, n7(1) be the number of examples with

ti — ”T(l)

target value 1, and let pr = T

TII? ielr
Consider sum of squares loss L(p) = Zieffr (p—t;)2.
By setting the derivative of the loss to zero, we get that the p minimizing the loss fulfills
[ Irlp = X icy, ti i, p=pT.
The value of the loss is then
L(pr) = ) (pr —t:)* =n7(0)(pr — 0)* +nr(1)(pr — 1)’
iclr
ny (0)nr (1)? nr@Wnr(0)?  (nr(1) + nr(0)nr(0)nr(1)

(n7(0) + nr (1))’ i (n7(0) +nr(1))°  (n7(0) +nr(1)) (n7(0) + 7 (1))

= (n7(0) + nr (1)) (1 — pr)pr = |Ir] - pr(1 — pr).




‘ » For K-class classification, derive the entropy criterion from a non-averaged NLL loss.
[10]

Again let I denote the set of training example indices belonging to a leaf node T, let ny (k)
n (k)
|Ir|

Consider a distribution p on K classes and non-averaged NLL loss L(p) = >, ; —logpy,.

be the number of examples with target value k, and let pr(k) = ﬁ Dicr [ti = k] =

By setting the derivative of the loss with respect to px to zero (using a Lagrangian with
constraint ), pr = 1), we get that the p minimizing the loss fulfills pr, = pr (k).

The value of the loss with respect to p+ is then
L(pr) =) —logp,
ielr

=— Y ny(k)logpr(k)
k
pr(k)£0

=—|Ir| Y pr(k)logpr(k) = |Ir| - H(pr).
k
p7(k)#0

‘ » Describe how is a random forest trained (including bagging and a random subset of
features) and how is prediction performed for regression and classification. [5]

‘boaoeing of dala combined vl Yamdom
subse) of featuves

Training Data

[ sample and feature bagging ]

il B

Tree 1 Tree 2 Tree n

N V4 N\

N \ AN
do dellde & J
— ]

(mean in regression or majority vote in classification

|
«aooang = conshuck LY. dadasels Kor ev
Lusing ‘oooAshWoppina: = Sampl as many
\'\‘M\‘\\.Y\% ins*WﬂC!Z.S Qs e ONgwel
AGAASEY Was bud widn  Yeplacewemt
O pvery AAsioNn hvee 18 hvanned using BRYGVMY




e Yoomdo™ Sulosed og: gg&&wxgi

L dunwnwey each node Splik, On&/& A vandowm
Suwbsey of Seatuves s consioleved e
Gnolinoy dve besk  spud

6 a deh Yamdom Swhsel s used for Quel wode

o

* Write down the loss function which we optimize in gradient boosting decision tree
during the construction of ¢ tree. Then define g; and h; and show the value w7 of

optimal prediction in node 7. [10]
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» Write down the loss function which we optimize in gradient boosting decision tree
0 during the construction of t'" tree. Then define g; and h; and the criterion used during

node splitting. [10]

Loss %wo\-{ovw :
E(Q ' _ - (-0 A P
(’wi—:\ M):l__t_,‘ ) i'_ R- (‘4 \% (Xc,' nq_m\ + ‘t La ' wt\\] % 'L“Mh

*W=(a,_ A pavmme\&xs ol e Mees
> .Quu ‘A(!(‘ND‘» -+ PeY -exoawmpLe Loss - (h-— ta(x‘-.m})‘z Lor veqves.
A L egulanzation shromoth

i oA W

Lo %\-adﬁzﬂk \00055"""% odecison —\w_e_s W
second ovdey weAhod:

O/, 40w X (e, 42
%\ a%&.—l\ (&) « 3‘6“-“\‘(!()1

G 1. enwvace  Ross



— oph U \wed ks

s %—1,"&&
T A2 W

LeETy

- 1—’3 . SeA O%. -\\va,(,nin% e,xa.mv,.ﬂn. s \000‘9— 4

— subshiule OP-\ W(’/\:‘a\f\\—g ‘o e Closs ¢
y B

(£
E- (a¥) = - 4i2- At S\

+ consd.
= _9_?245‘L oy, cnlevion

» How is the learning rate used during training and prediction of a gradient boosting
\ 9 decision tree? [5]
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» For a K-class classification, describe how to perform prediction with a gradient
boosting decision tree trained for 1" timestamps (how the individual trees perform
prediction and how are the K - T trees combined to produce the predicted categorical
distribution). [5]
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' » Considering a K -class classification, describe which individual trees (and in which

order) are created during gradient boosted decision tree training, and what per-example

\0 loss is used for training every one of them (expressed using predictions of the already
trained trees). You do not need to describe the training process of the individual trees
themselves. [10]
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» When deriving the first principal component, write the value of the variance we aim to
maximize, both without and with the covariance matrix (and define the covariance
matrix). [5]
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« When deriving the first M principal components, write the value of the reconstruction
\ loss we aim to minimize using all but the first M principal components, both without
and with the covariance matrix (and define the covariance matrix). [10]
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« Write down the formula for whitening (sphering) the data matrix X, and state what
“ mean and covariance does the result have. [5]
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i « Explain how to compute the first M principal components using the SVD
“ decomposition of the data matrix X, and why it works. [5]
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« Write down the algorithm for computing the first M principal components of the data
“ matrix X using the power iteration algorithm. [10]

Input: Matrix X, desired number of dimensions M.

® Compute the mean p of the examples (the rows of X).
® Compute the covariance matrix S <— % (X — p)T(X - p.).
L]

foriin {1,2,...,M}:
O Initialize v; randomly.
© Repeat until convergence (or for a fixed number of iterations):
" v; — S'Ug
PRSI
v, — 'vi/Ai
o 8+ S — \vv!l
Return X V', where the columns of V are vy, v9,...,0,y.

' \ Describe the K-means algorithm, including the kmeans++ initialization. [10]

Input: Input points @1, ..., &N, number of clusters K.

® Initialize p4q,..., g as K random input points.

® Repeat until convergence (or until patience runs out):
© Compute the best possible z; 1. It is easy to see that the smallest J is achieved by

1 ifk = argmin; ||2; — p,]?,
Zik = .
’ 0 otherwise.

O Compute the best possible p;, = arg min# Ei zi’kH:nz- = u||2. By computing a
derivative with respect to pt, we get

T > Zikm
: D i Zik
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» Define the multivariate Gaussian distribution of dimension D. [5]
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For D-dimensional vector @, the multivariate Gaussian distribution takes the form

1
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l « Show how to sample from a multivariate Gaussian distribution N (g, X') with a full
\z co.\?riance matrix, by using random samples from N/ (0, I) distribution. [5]
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‘ « Describe the constant surfaces of a multivariate Gaussian distribution with (1) o> I
\& covariation, (2) a diagonal covariation matrix, (3) a full covariation matrix. [5]
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« Considering a Gaussian mixture with K clusters, explain how we represent the
\’l individual clusters and write down the likelihood of an example & for a given Gaussian
mixture. [5]
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l « Write down the log-likelihood of an N-element dataset for a given Gaussian mixture
V2L model with K components. [5]
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Considering the algorithm for Gaussian mixture clustering, write down the E step (how
\'L to compute the responsibilities) and the M step (how to update the means, covariances
and priors of the individual clusters). [10]

Input: Input points @1, ..., &N, number of clusters K.

® Initialize g, 3 and 7. It is common to start by running the K-Means algorithm to
obtain 2; , set 'r(zt-,k) < 2k and use the M step below.

® Repeat until convergence (or until patience runs out):
O E step. Evaluate the responsibilities as

e N (5 por, i)
St mN (i py, )

o M step. Maximize the log-likelihood by setting

by — > T(zi k)T = e > m(zig) (@i — ) (i — )" e = >i7(zix)
T Xir(ag) (i) TN

T(Zz',k) =

= oz = N e, 35 7v).

Write down the MSE loss of a regression problem, and formulate the bias-variance
Y. trade-off, i.e., the decomposition of expected MSE loss (with respect to a randomly
sampled test set) into bias, variance and irreducible error terms. [10]
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» Considering statistical hypothesis testing, define type | errors and type Il errors (in
terms of the null hypothesis). Finally, define what a significance level is. [5]

In this setting, Hy is “not guilty” and H; is “guilty”.

H, is true Hj is true
Truly not guilty Truly guilty
i o Wrong decision
Not proven guilty Correct decision .
o ) False negative
Not rejecting H) True negative
Type Il Error
. Wrong decision .
Proven guilty . Correct decision
... False positive N
Rejecting H) True positive
Type | Error

Our goal is to limit the Type 1 errors — the test significance level is the type 1 error rate.

| \y Explain what a test statistic and a p-value are. [5]
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‘- Write down the steps of a statistical hypothesis test, including a definition of a p-value.
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« Explain the differences between a one-sample test, two-sample test, and a paired test.
‘ \3 (5]

There are several kinds of test statistics:
® one-sample tests, where we sample values from one distribution.

Common one-sample tests usually check for
© the mean of the distribution to be greater than/lower than/equal to zero;
© the goodness of fit (that the data comes from a normal or categorical distribution of

given parameters).
® two-sample tests, where we sample independently from two distributions.

® paired tests, in which case we also sample from two distributions, but the samples are
paired (i.e., evaluating several models on the same data).

In paired tests, we usually compute the difference between the paired members and perform
a one-sample test on the mean of the differences.
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* When considering multiple comparison problem, define the family-wise error rate, and

\'Y, prove the Bonferroni correction, which allows limiting the family-wise error rate by a

given «. [5]
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' « For a trained model and a given test set with /N examples and metric F/, write how to
V3 estimate 95% confidence intervals using bootstrap resampling. [5]

PoYSAOP veSanplhin o)

Input: Test set {(@1,%1),..., (2N, tn)}, model predictions {y(®1),...,y(xn)}, metric
E, number of resamplings R.
Output: R samples of model performance.

e performances < ||
® repeat R times:

© sample [N test set examples with replacements, together with corresponding model

predictions
O measure the performance of the sampled data using the metric E, and append the

result to performances
> when  givevs Mo empivacal  disdnlowtion 5
of vnodal pexrformeantes Producedl ‘%
O we com eshiwale 94S7/ conf. int. as & cOMO8
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' « For two trained models and a given test set with /N examples and metric E, explain
S how to perform a paired bootstrap test that the first model is better than the other. [5]

Pouved Pooiehvop Besavmpling

Input: Test set {(21,%1),..., (&N, tn)}, model predictions {y(@1),...,y(zn)},

model predictions {z(@1),...,z(xN)}, metric E, number of resamplings R.

Output: Estimated probability of the model y performing worse or equal to z (beware that
such a quantity is not a p-value).

e differences < ||
® repeat R times:
© sample NN test set examples with replacements, together with the corresponding

predictions of the models
O measure the performances of the models y and z on the sampled data using the

metric F, and append their difference to differences

® return the ratio of the differences which are less than or equal to zero



Even if a two-sample test could be used, such a test does not consider the fact that some of
the inputs might be more difficult than others, and takes into account cases when a weaker
model achieves higher performance on a simpler test set than a stronger model on a more
difficult test set. Therefore, we perform a paired test.

Our alternative hypothesis is that the mean of the model performance differences is larger than
zero, and the null hypothesis is that it is less than or equal to zero. We then repeatedly sample
a test set with repetition, and compute the difference of the model performances on the
sampled test set. Finally, we compute the quantile of the performance difference 0.

Unfortunately, the value returned by the algorithm is not really a p-value.
The reason is that the distribution of differences was obtained under the true distribution.

However, to perform the statistical test, we require the distribution of the test statistic under
the null hypothesis.

Nevertheless, you can encounter such paired bootstrap tests “in the wild".

» For two trained models and a given test set with [N examples and metric F, explain
\% how to perform a random permutation test that the first model is better than the other
with a significance level av. [5]

To obtain a principled p-value for a model comparison, we can turn to a permutation test.

The main idea is that

If the models are equally good, it does not matter if we utilize predictions from the first
or the second one.

Therefore, if we consider all possible choices of prediction origins, we obtain a distribution of
performances under the hypothesis that the models are equally good.

Finally, the p-value is the quantile of the performance of the model in question.

Of course, enumerating all assignments is not feasible. Therefore, we sample only some number
of random assignments, resulting in a random or Monte Carlo or approximate permutation

test.



use X

For y(x; w,
Model

Linear
Regression

Logistic

regression

Softmax

regression

SVM

b) = ()T w + b, we have seen the following losses:

Objective Per-Instance Loss

. ! 1 2
argﬁllﬂ > Luse (ti,y(:c.,)) + 3A|w] Lyse(t,y) = 3(t —y)?

argmin 37, Loxur (b, (@) + 1AW | £y (t,y) = —log (-(1 ’ S}()y)))

scgmin 3, £ovan (6:9(20) + 0P | £, (1 4) =  log softma(y),

argmin O 3, Luinge (8, y(@:)) + 310l* | £, (¢,y) = max(0,1 — ty)

INOte that ;CIMSE (t, y) x — log (N(t; n = y,c72 = COIlSt)) and LoNLL (t,‘y) = L 5t (t, [y, 0])

Name Activation Distribution Loss Gradient
linear regression -identity | Normal INLL x MSE (y( ) — )
logistic regression -0‘@) Bernoulli INLL x E — log(p(t|=x)) ( () — )
multiclass ( ( )_ lt)

softmax(g) | categorical |NLL o E — log(p(t|))

logistic regression rt W1 e REXD

Poisson regression exp() Poisson NLL x E — log(p(t|z)) (y(:c) —t)x
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